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INTRODUCTION 

The a;pplication of the equation of continuity on turbulent current is not 
an easy one, because • both measurements and computations give mean flow 
fields out of which the component with the shortest periods of fluctuations 
have been eliminated, so that their impact on the transport of specific value 
observed remains an open question. This difficulty is usually overcome using 
the coefficients of turbulence. 

But, the coefficients of turbulence, although formaly clearly defined, are 
inconvenient for experimental elaboration and their physical meaning is, also , 
very limited and incom.plete. This is do to the fact that their theory is based 
on rt.hose chareteristics of the flow field which are usually deternnined by 
the coefficients themselves (that is to say by the results obtained by their 
application) they having been introduced as a formal value determined 
exclusively through the characteristics of the flow field. 

This led us to try to define physicaly more explicithy the component of 
the flow field which is treated by application of turbulence coefficients in the 
equations of continuity. 

An attempt has been made here to determine the characteristic fluctu­
ations in the flow field important for determination of field of the given 
specific values. The characteristic fluctuations in the flow field should be 
worked out observ'ing the basic Fourier time series harmonic constituents in 
the field of the observed specific value. 

General theoretical discussion in this paper has been illustrated by 
establishing a simple model of annual salinity fluctuations in the surface 
layer of the open central Adriatic. The quantitative results themselves are 
illustrative because we have not intended to give strictly quantitative obser­
vations. 
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THEORETICAL CONSIDERATIONS 

The salinity field has been taken as a good example for the anal.yses 
brought out, the results being applicable to the field of any other specific 
conservative value. 

Salinity field is uniquely determined in the given time~space domain by 
boundary conditions and initial conditions and by the equation of continuity 
with known flow field. 

Let salinity, S (r, t) and current V (r, t), in the given domain of (r, t) 
arguments, satisfy Di r i ch 1 e t conditions so that they m~gh;t be expanded 
by any of the arguments in the convergent F o uri e r series. 

Let the e~pansion by time be 
+oo +oo 

S (r,t) = L Sk (r) exp (ikwt), V ~r,t) = L Vk (r) exp (iwM) (1) 

k=-oo k=-oo 
If as/<>t and a2s/at2 also satisfy D i r i ch 1 e t condi1ions then by their 

exspansion in F o uri e r series the convergent majorant M/k2 -is obtained 
for F o u r i e r series S (r, t). This means that F o u r i e r ser,ies S (r, t), 
according to W e i e r s t r a s s criterion, is uniformly converigent, so that 
continuity equation 

<>S/at + V • V S = O (2) 
can be written as 

+oo +oo +oo 

L ik w Sk exp (ikwt) + L vk exp (ikwt) • }~ VS1c exp (ikwt) = o (3) 

k=-oo k=-oo k=- oo 

what is the same as 
+ oo +oo 

~ (i n w Sn + L vn-k • V Sk) exp (inwt) = O (4) 

n=-oo k=-oo 
because the members Vi· V Sk exp [i (j+k) wt] appear as the product.s of 
series. If we take that n = j + k, then j together with k and n is uniquely 
determined. Since the series are infinite we might take (4) instead of (3). 

Out of (4) follows 
+oo 
~-inwSn + L..J Vn~k. V sk = o (5i 

k- -oo 

which is the sought equati:on that joins together the ha.nnonic changes m flow 
and salinity fields . 

Ex;perimental data ·on the fluctuations of salinity in the sea may indicate 
the possibility of reducing the infinite sum of the equation (5) to the finite 
one. 
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The annual fluctuations of salinity, according to Ne um a nn (Def a nt, 
1961) for the Newfoudland Banks and the Azores in the North Atlantic, is 
presented in the figure 1. 
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Ji'ig. l. - Annual saliinity f1uotrua1Jions in the Nort Atlantic in 1938. accord'ing to 
Ne um a nn (al!lomahes in the 1ocailities between the Azores and Newfoundland 

Banl1:>s) 

The monthly mean values for surface salinity at the Aldergrund ligh t-'ship 
anchor stati-on in Baltic for the period 1926-1935, according to Ne um a nn 
(Def a nt, 1961), are given in the table 1. 
Table 1. The monthly mean values for surface salinity in Baltic 

~~ I li rn N V ~ 

Salinity 

Month 

Salinity 

7.51 

VII 

7.31 

7.52 

VIII 

7.31 

- -- -·· -·-· -- -
7.50 7.45 7.39 

IX X XI 

7.32 7.36 7.41 

The values from the table 1. follow the function 

2n 2n 

7.30 

XII 

7.48 

S (t) = 7.41 + 0.103 sin (-- t + 66-8) + 0.006 sin (- t + 15.4) 
T T 

We can see from figure 1. and equation (6) that annual salinity f1uctuations 
might be exipressed, sufficiently approximate, by lower number of harmonics 
or that the infinite sum of equati-on (5) might be replaced by the finite one 
consisting of only few members. 

Ij ± N in the last harmonic oj S (r, t) which is obsei-ved, then ± 2 N is 
the last harmonic oj jlow jield wihch has to be known in order to determine 
the jielcl oj S (r, t) according to equation (5). 
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As it has been brought out in tbe introduction, tbe problems witb the 
equation of continuity bave usually been solved introducting the coefficients 
of turbulence and approximating the general flow field by tbe approprfate 
mean one. Here tbe problem bas been ,reduced to solving the system o.f 
differential equations witb space co-ordinates a,s indipendet varia:bles. Thus 
we bave obtained relativ'ely simple definition of the properties of flow field 
wbicb are to be observed througb tbe nature of tbe fluctuations of the gilven 
specific value (here annual salinity fluctuations in tbe sea) and avoided tbe 
introduction of the coefficients of turbulence. 

EXAMPLE WITH SURFACE LAYER OF THE CENTRAL ADRIATIC 

According to everytbing that has been brought out, it is necessary first 
to examine tbe importance of eacb particular period of barmonic changes in 
tbe fluctuations of tbe value observed. 

Table 2 shows first :l'our barmonics o,f tbe annual saliniiy fluc,tuations 
calculated from tbe data taken montbly from tbe surface layer at tbe Ston­
čica station (near Vis island) during 1970. 

A-amplitude B-amplitude y A2+B2 Arctang A 
with cos in %o with sin in %o amplitude B 

.33353 - .12970 .35786 -1.19992 
-.18781 .11835 .22199 -1.00851 
-.00155 -.19662 .19663 .00786 

.09857 .08320 .12899 .86973 

Annual salinity fluctuations might be expressed by the first harmonic 
only although witb limited accuracy. 

Let it be 
+1 

S (r, t) = I: Sn (r) exp (i n 2~ t) (7) 

n=-1 

From tbe average monthly circulation in the surface layer at Stončica 
(Z o r e - A r m a n d a, 1966) flow field was determined as 

+1 

V (r, t) = I: Vn (r) exp (i n 2,:1 t) (8) 

n=-1 

and taken to be bomogeneous in tbe observed area. Values are given in the 
Table 3. X-axis of the right Descartes co-ordinate system is taken to bave 
the U0 direction. 

Uo = (2,0) X 10 km/year 
Amplitude witb cos U A = (-2, 3) X 10 krrn/year 
Amplitude with sin UB = (3, -1) X 10 km/year 
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Water precipitated from the atmosphere affects little salinity fluctuations. 
Salinity fluctuations and precipitations for Stončica in 1967. are shown in 
the Figure 2. (sal.: B u 1 j a n and Zore -A r ma n da, 1967; precipitations: 
Publ. Savez. HMZ, 1967). 

From the same data the coefficient of correlation between them has been 
calculated. It is + 0.4 what has no sense if only these tho values are taken 
into consideration (coefficient of correlation should have been negative because 
considerable increase in precipHations causes the salinity decrease). 
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Fli,g. 2. - SuTface salini-ty an<l predpitations at Stončica in 1967. 

The pyknocline that occurs in summer beneath the surface layer, renders 
impossible any more intensive mixing with the surface, so that the influence 
of convection can be i,gnored. 

Besides, because of the inflow of large masses of sea water of high 
salinity from the Meditem-anean in the course of winter, the wluence of 
con,vection is not the primary one. 

According to the equation 5 and everything brought out, we can establish 
the system of equations of annual salinity fluctuations for Stončica with 
the meaning restricted rby the discussion already carried out. It will be 

- i w S'.1 + Do aS.1/ax + U)1 • V s0 = O 

U~1 • V S1 + Uo aSo/ax + U1 • V SL1 = Qo 

i w S1 + Uo aS1/ax + U1 • V So = O 

(9) 

(10) 

(11) 

where the allowed possibility of stationary convenction of salinity per unit 
time is equal to Qo. 
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In the case when So field is taken to be linear and known, and Q0 

an unknown function, the given system is going to be decomposed into three 
mutually independent ordinary differential equations. 

Then the solution will be: 
UB 2Il 

S (x, y, t) = [SA (x = o, y)--- • V So (x, y)] cos (wt---x) + 
2n Uo 

UA 2ll 
+ [SB (x = o, y) + -- · V So (x, y)] sin (wt - - x) + 

2n Uo 

VB VA 
+--·V So (x, y) cos wt--- • V So (x, y) sin w t + So (x, y) (12) 

2n 2n 

where the amplitudes with cosine and sine are marked by A and B indexes, 
and So (x, y) is the ,given 1inear funotion of x and y, whereas SA (x = o, y) and 
SB (x = o, y) are any given functions of x and y. 

In ,the course of solv-ing the given sy,stern of differential equations, the 
potential dependence of Uo on y would not change anything in the solution of 
(9)-(11) what is important for the observed area. 
The co-ordinate system i:s given ,i;n the Fig. 3. 

The constant gradient V So bas been determined from the data of the 
NAJADE Expedition in 1911. (NAJADE, 1911) for the stations A10, A13 and A20. 
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Fig, 3. - Oo-ordinate system ,of the model 
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Fig. 5. - Salin ity accordi.ng to model and data for March 
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Fig, 7. - Sali:nity according to model and data for September 
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Results are given in the Table 4. The mean value of surface salinity at 
Stončica in 1967. has been taken for So (x = o, y = o), in the same way as 
SA (x = o, y = o) and S8 (x = o, y = o) have been determined in the Taible 2. 

So (A13) - So (A20) So (At3) - So (A10) 
v' So= (------ ------) = (-0.17, 0,57) X 10-3 

x (A13) - x (A20) y (A13) - y (A10) 

U A • v' So = 20/oo/year U8 • v' So= 1%o/year 

S (x., y = o, tk) has been calculated according to the model where i = 1,9 
and X5 is at the zero point of the co-ordinate system which ,is at Stončica. 
AX = Xi+1 - Xi= 17 km and t1 = 15. II, t2 = 15. VI, t3 = 15. IX, t4 = 15. XII, 
have been taken. The rezults of the model are shown in the Figure 8. 

According to the data collected by the NAJADE Expedition in 1911. for 
the stations chosen such as to lay allong the lines approximately parallel to 
x-axis of the model and as close as possible to it, the evaluation of salinity 
distribution has been given in the figures 5, 6, 7, and 4 and compared w ith 
the results obtained from the model. Good agreement between the trends o( 
both distributions in all seasons is obvious. 
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Fig. 8. - Salin1ity accordtng to model and data for December 
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CONCLUSIONS 

The process of approximative treatment of the problem of continuity, 
that has been brought out, i.s convenient when the fluctuations of the observed 
value might be presented by a lower number of harmonics in the domain of 
periods suitable for both experimental and theoretical treatment of flow field. 
In the case when two harmonics of the observed value are to be considered , 
ahe analytical treatment of the problem is a rather comprehensive task, so 
that when more than two harmonics are to be considered, it can be carried 
out only by the help of numerical method with computer. 

It is likely that, by the process brought ·out, some characteristics of the 
turbulence coefficients could be theoretically examined. 

It is necessary to point out the mathematical-analytical -restrictions that 
had to be introduced. The most strict one was that second partial time 
derivation of the observed value fluctuations should exist and satisfy Dirichlet 
conditions. 
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LIST OF SIMBOLS 

i - imaginary unit 
r - radius vector 
x, y - horisontal coordinates 
t - time 
S - salinity 
Sk - salinity harmonics 
V - velocity vector 
V k - velocity vector harmonics 
U t, Uo, U 1 - zero and firsts harmonics of V 

SUMMARY 

The process of approximative treatment of problem of continuity has 
been brought out. It is convenient when the fluctations of the observed value 
might be presented by a lower number of harmonics in the domain of periods 
suitable for both experimental and theoretical treatment of flow field. 

It is likely that, by the process brought out, some characteristics of the 
turbulence coefficients could be theoretically examined. 
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U radu je razmatrana jedna mogućnost tretLranja jednadžbe kontinuiteta. 

U prvom djelu rada definirane su one harmonijske komponente Fourier­
-ovog reda strujnog polja razvitog po vremenu koje su važne za određivanje 
polja zadate specifične veličine ako njen F o uri ero v red ,razvijen po 
povoljno odabranom osnovnom vremenskom intervalu brzo konvergira. 

U drugom dijelu rada opći rezultati iz rp.rvog dijela ilustrirani su postav­
ljanjem jednostavnog modela godišnjeg hoda saliniteta u otvorenom srednjem 
Jad·ranu. 

Iznijeti postwpak aproksimativnog tretiranja problema kontinuiteta pogo­
dan je onda kad se hod promatrane veličine može prikazati manjim brojem 
harmonika u području perioda pogodnih za eksperimentalno ili teorijsko 
tretiranje strujnog polja. 

Analitićko tretiranje problema kada se moraju uzeti u Oibzir već i samo 
dva harmontka hoda promatrane veličine poprilično je opsežan posao, a kod 
većeg broja harm·onika u obzir dolaze samo numeričke metode i rad s kom­
pjuterom. 

Iznijetim postupkom vjerovatno bi bilo moguće teorijski ispitati i neke 
karakteristike koeficijenata turbulencije. 

Treba istaći matematičko-analitič1ka ograničenja koja su morala biti uve­
dena. Svaka/ko tu je najstrože ograničenje da druga derivacija hoda proma­
trane veličine mora postojati i zadovoljavati Dirichletove uvjete. 





No. 10. 15 

REFERENCES 

B u 1 ja n, M. 1953. Flucta1Jions of saJiinity in the Adr.i:atic. Izv. eksp. Hva<r, Spli:t, 
2/2 pip. 1-63. 

B u 1 ja n, M . 1961. Temperature and &alinity of sea water in the neii.ghibonrhood 
of Sput. RepO'l"ts Proces-verbaux des reundons de Ja CESIMM, Pa<ris, 16/3 pp. 
621-624. 

B u 1 j a n, M. & Z o r e - A ,r ma n da, M. Podaci o salinitetu na Stončici za 1969. 
god. Nije pubwic.i1rano . 

Def a nt, A. 19611. PhY',Sical oceanography. Pergamon P'l'ess, New Yol"k, Vo[ I pp. 
154-167. 

-Najade« 1911-1914. Berichte uber diie Terminfiah'l",ten Osterreichen Tehl, No 1-12, 
Perm. Int. Komm. Erfornch. AdTda, 1912., 19-13. urni 1914. 

Hidmmeteorološka služba. 1971. Meteorološki. godišnjak I godine 1967. Beograd. 

Z ore - A r ma n d a, M. 1963. Le6 maisses d 'eau de la mer Adr1iatique. Acfa Adria­
tica, Spli<t, 10/3 pp. 1-93. 

Z o Te - A r ma n d a, M . 1966. 'Dhe syistem of couroots foJUnd at a co.ntrol station 
•in ithe Middll.e Adrjatic, Split, 10/11 pp. 1-20. 




