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in results of harmonic analysis of the tides
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The paper analyses’ the selectivity of the basic formula of the method harmonic
analysis of the tides considering the length of the sea-level time-series. It is demonstrated that
the method for sufficiently long time-series eliminates the error resulting from sea-air inter-
action. In the discussion the sufficient condition is given to consider a stochastic signal result-
ing from sea-air interaction as a continuous stationary stochastic process in the sea-level

time-series.

INTRODUCTION

The tides with high precision may be
described with a vertically integrated REYNOLDS
equations neglecting the nonlinear terms of
advection of momentum and considering the
sea as a homogeneous incompressible fluid.
HANSEN (1966) and others with these equations
obtained the numerical solutions which evident-
ly agree with measurements. Considering the
non-linear terms it can be demonstrated from
numerical solutions that they have considerable
effects only on the periods greater than few days
(BONE, 1993). This can explain the dynamic the-
ory of tides which teaches that the tide waves
caused by tide-generating forces must have the
period of these forces (DEFANT, 1961). For the
analysis of current-meter data in order to
obtain the tide-current ellipses using GONELLA
(1972) method the same hypothesis may be
used.

Let’s consider the sea-level record. The
method harmonic analysis of the tides is based
on the formula
m
MT,
f h(t) ei®nt dt
0

1
Clom) =T,

where h(t) is the sea-level record in function of
time t at given point, w,, are the angular fre-

quencies of the tide-generating forces and T,

are their periods, M is some sufficiently large
natural number and C(w,,) are estimations of

the complex amplitudes of the tides.

In this paper formula (1) will be dis-
cussed considering h(t) as the sum of determi-
nistic signal from tide-generating forces and
some stochastic signal resulting from sea-air
interaction. It is discussed the selectivity of
method depending on the length of the time
series.
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HARMONIC ANALYSIS OF THE TIDES

Let’s consider sea-level record defined as

a sum of harmonic functions with the periods of

the tide-generating forces and some stochastic
signal caused from sea-air interaction

" (2)

h(t)= X C(w,) €'+ X(t), te [0,T]

n=-N

where X(t) is stochastic signal, N number of the
considered set of the harmonics of the tide-gene-
rating forces and T is the length of the sea-level
record. Defining (BONE, 1988)

: (3)

| KT
Zi(wm) = 7= f X(t) el¥mtdt, k=1..M
™ & T,

and
4)
S MT
Sy(wpm,w,) = MT. f ¢! (n ) t gt
Mo

where w,, and w, are rotational frequencies of

the tides generating forces and M is ordinal
number T/T,, , the integral from equation (1)

may be written in the form

second sum in equation (5), from the integral in
equation (3) may be written
(7
m

kT
1 .
B Zi(0p) = 5= f E X(t) e'vntat
DT

m

where E X(t) = 0 because h(t) is measured from
mean sea level, i.e. E Z;(w,) = 0. For Z, is natu-

rally to assume ergodicity, i.e. that the second
term in equation (5) converges to zero for M
tending to infinity.

Lets p(j) = E Z; * Zk+j and assuming
p( > jg) =0, i.e. that the oscillations of sea level

under atmospheric influences after a sufficient-
ly large time interval are stochastically indepen-
dent, it is

. 1 i -

lim — pG) =0

i

=0
when J—e which is sufficient condition for
required ergodicity

’ 1 M

lim M e Z,=E 7,=0

k
when M—eo | i.e. for the sufficient large M the
second sum in equation (5) is negligible
(BONE, 1988).

(5)

1 e 3 i 0 t o E : I\ZA“
T f h(e'ontdt = 2 Cloy) Sylwmen) + 57 2 Z
0

In the discussion below are given the
general condition that X(t) has to satisfy to be
considered as a continuous stationary stochastic
process. Lets X(t) be a continuous stationary
stochastic process, i.e.

(6)
E X(t)=const. , E X(t) X(t+s) - [E X(t)]= R(s)

where E denotes mathematical éxpectation and
R(s) is the covariance function. Considering the

Physically it may be visualized as an
atmosphere over the sea which is acting periodi-
cally with approximately constant intensity but
shifting in the phase, ie. E |Z, | # 0 and

‘B Z=0.

In the classical approach to the method
harmonic analysis of the tides this problem is
not considered in the conditions that for the
analysis of the sea-level the time-series should be
sufficiently long (e.g. DEFANT, 1961).
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Considering the first term in the equation  1.00
(5) follows
(®  os0
K. (w W) MTm

S 0n) = 3 @ G IMT, -

2 11 -
Let's wy, = —,itis S, =1for T=T, %%
Tm

and S, = 0 for | T T,IM > T, ,ie. for the 0.2

sufficiently large M the base equation of the V\
0.00 #‘WW\/\/\M \W\L{\L/W\/I'\‘/\f\/\/

irrireear ey byl rel gyl

method harmonic analysis of tide (1) in good
approximation defines C(w,) considering the ~1.00 ~0'50 | 0.0 0.50 1,00
first term in equation (2), which is well known ) ) , )

(e.g. DEFANT, 1961). The time-series of length Fig. AB: ﬁ;f;’_ ls‘;tr'i‘;fsl ;‘g‘;“g‘;’yf 1 fical pomstiment

369 is the most favorable interval for a great
number of component tide with a short period
(DEFANT, 1961). Fig. 1. gives the function
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The time series of the length approxi-
mately 1 year seems to be sufficiently large in
order to eliminate and here considered error
from sea-air interaction, but this is very dis-
cutable if the time-series of the length 29 days is
considered. Obviously, the long-period tides are
largely influenced by meteorological perturba-
tions of sea-level.

From equation (8) it appears that if the
length of the time-series was chosen that it is
approximately commensurable with the periods
of the main tidal constituents (like in the cases
of 29 and 369 day), |S,, | will be small except
for the considered one.

DISCUSSION

To analyse sea-level time-series there are
three choices:

- to consider time-series as a solution of
differential equation describing the physics of
the changes in sea-level,

- to consider time-series as realization of a
stochastic process, usually it is continuous sta-
tionary stochastic process,

where A, <A, <A3<A,. According to BOCHNER
theorem (e.g. WELSH, 1970), continuous func-
tion R(s) satisfying R(0)=1 is the covariance
function of a continuous stationary stochastic if
there exists a distribution function F(A) such
that

(11)

R(s) = f els* dF(\)

—o0

The condition that h(t) measured from
mean sea-level is a continuous stationary
process it is to assume that the integral

(12)

/2
h(t) h(t+s) dt
R(s) =Lim -12
T—oo T2
h(t)* dt
-T2

exists, and that R(s) is continuous (BONE,
1988). According to LEVY inversion formula dis-
tribution function of the associated spectral
process, F(A) may be written

812
F(A)-F(A;) = Lim

S—oo

2

/2 =18

(13)

SR I AT L 0T

- to consider time-series as a sum of term
obtained solving differential equations and
some term which is named stochastic fluctua-
tions.

It is obvious that the last possibility is
pragmatically actable and the first one should
exclude some phenomena of physical interest.

Let’s consider the function h(t) in equa-
tion (2). According to the CRAMER-LOVE theo-
rem (e.g. WELSH, 1970) to any stationary sto-
chastic process can be associated a spectral
process with orthogonal increment, i.e.

9

h(t) = f etrt dZ(h)
where

(10)

EZ(M)=0, E r(Z(7~4)-Z(7»3)(Z(7»z)-Z(7»1)))1 =0

superbar denoting complex-conjugate value and

with covariance function R(s) defined by equa-
tion (12).
One very general form for h(t) is (BONE,
1988)
(14)

J :
h(t)= X Z; e, te (o)
j=-J

with the spectral distribution function
(15)

0 ~ forAde (0, wy)
1 B :
F(M=) = 2 1Z;I* for ke [wp, 0py),P=-T.3-1
j=-1

1 for A e [wy, )

where o? = i |Zj |2 and where the integrals
have sense aéi:ording to the theory of generali-
zed functions (distributions).
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For the subset of the frequencies
{w : j =-J..J} with the periods of the tide-gene-
rating forces in general there are not finite time-
series commensurable with the all these periods
and h(t) can not be considered as periodic, i.e.
statistically cannot be treated as circular
processes (HANNAN, 1958) which make its sta-
tistical analysis very difficult. It is not so restric-
tive to assume X(t) as circular process (for
example in the time-series long nearly 1 year)
and this explains the importance of the method
harmonic analysis of the tides with which it is
possible to extract X(t) from h(t). It is obvious
that the sufficient condition to consider X(t) as
a continuous stationary process is that given
above for h(t).
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Rasprava greske u metodi “harmonijska analiza morskih mijena”
nastale interakcijom more-zrak

Mario BONE

Institut za oceanografiju i vibarstvo, Split, Hrvatska

KRATKI SADRZAJ

U ¢lanku je analizirana selektivnost osnovne formule metode “harmonijska analiza morskih
mijena” u funkciji duZine analiziranog vremenskog niza razine mora. Pokazano je da je ovom meto-
dom za dovoljno dugi vremenski niz uklonjena greska koja nastaje interakcijom more-zrak. U
raspravi je dat dovoljan uvjet da je u vremenskom nizu razine mora stohasticki signal uzrokovan
interakcijom more-zrak kontinuirani stacionarni proces.







