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A method of estimation of parnmeters of Go m­
p e rt z function is given. Thus, we tried to estimate, on 
the basis of distribution of numerical values, the range 
within the real value of asymptote may be. Using ln /n 
or log log transformations the values of Y subtracted 
from the estimated values of asymptote are plotted 
against the relevant values of X. The estimated value 
which gives the best linear fit is equal or approximate 
to the real value of asymptote. 

The method of estimation is shown on two examples 
of fish growth. 

INTRODUCTION 

The inves,tigations of the growth in length of fash in function of time 
are !inilispensable :in fiishery biology since they provide the basis for the 
further studies of mortalrity, population dynamics in general, s,tock asses­
sment, regrulation of fish!ing, etc. In doing th!is, if the data on growth are 
to be further by used, ,they should be mathema1Jically approxiimaited by 
relevant functions. 

V o n B e rt a 1 a n f f y equation of growth is ma!inly used now as the 
basis for the further computa1Jions. Th!is equation is recommended in the 
manuals for fi,sh stock assessments as well (G u 11 a n d, 1965). However, 
the distnibution of data on f,ish lengths :in relation to time very often 
shows the iil111tial stage of slower growth, followed by the stage of accelera­
ted growth and fiinally the stage of deceleration. In addition, the fiirst two 
stages usually cover the first third of the total time needed for attaiining 
the maxiirnurn length. That is ,to say, the growth curve is often of asymme­
tric sigrnoid shape which rnay not be sufficiently approxiimated by v on 
B e rt a 1 a n f f y function. 
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However, G om p e r t z function is one of the funotions by which the 
asymmte:riic sigmoid ourve of fish growth may be descmbed. This function 
may be vritten !in two basric forms. They are: 

-ct 
lt = a-e-be (1) or 

(2), 

where lt !is the fish length 1in ;time t, a is the asymptote, b and c are con­
stants and t !is ·time. 

However, as far as this function is concerned, some diffiiculties occur 
in techniques of estimation of :its parameters. Thus, Brod y (1945), accor­
ding to R i f fen b u r g h (1960) , proposes the teclmique of semal expa:nsions. 
He holds that owiing 1to this the functrion is of little practiical use. Other 
methods of estimation of parameters of function of form (2) were developed 
after. However, they are limited in a number of ways. The defuciency of 

. S ch u 1 e r's method, according to R i f fen b u ,r g h (1960), i,s that the 
number of observed numenical values should be 3n, where n should be a 
positr:ive integer and the values of independent vaniable should be rinrtegen, 
with the equal itervals between them. The deficiency of R i f fen b u r g h's 
(1960) method :is that the numbers on abscisa should be lintegers. To derter­
mine the parameters of Go mp e r t z function of rthe horm (1) for the 
Iength growth of the northern anchovy (Engraulis mordax Gli r a r d), Kra­
me r and Z w e ;i f e 1 (1970) had to calculate the length - weight rela­
tionship in additr:ion to the data on length. S a ka ga w a and Krim ura 
(1976) estimate the parameters of Go mp e rt z growth curve for the same 
species using the method of M a r q u a r d t's algorithm (C o n w a y et al., 
1970) whiich does not 0,nclude any of the mentlioned lrimi:tations, but ,is rather 
compliicated mathematJically. 

The aim of this paper !is to propose a relatJively simple method of 
numemcal estimation of Go mp e r t z function parameters which is ,subject 
to none of the mentrioned lrimlitartiions. 

SEMIGRAPHIC METHOD 

A method of determination of G om p e rt z funotJion of form (1) is 
going to be described here in detail. 

Tak,ing the logariithm of thlis equation it is obtained that: 

-ct 
ln lt = ln a - be (2). 

If the equation (2) is rearranged thus that ln a ii.s shiifted to the left 
side and its logarithm taken once agaiin it ~s oba:tined that: 

1n (ln a - ln lt) = ln b - ct 

i. e. the linear equation where: 

X = t; Y = 1n (ln a - ln lt) 

(3), 



SEMIGRAPHIC ESTIMATION OF GOMPERTZ FUNCTION 229 

Since the value of a is sWl unknown, this operation may appear not 
to br,ing the solution closer. However, on the basis of the actual data on 
f:ish lengths (lt) in rela,tion to time 0t) it is possible to estima,te the values 

i • 

of asymptote (a) to a certain extent. If the estiimated value (ae) :is equal or 
appro:ximate to the real value of asymptote (ar), the values ln (ln ae -ln 11) 

i 

plotted agaii.nst the twe (t) should, according to the equttion (3), 1ie on the 
straigh t Hne: 

Y = lnb-ct (3'). 
If: 

the plotted values wi,11 dedi..ne f.rom the straight Line in negative, and if 

they will <ledine in positiive di:irection. 

This may be illustrated by the following example. Go mp e rt z equa­
tion wtith arbitrarily chosen parameters is taken: 

-0.2381 

lt = 120 e-o.4sse ( 4), 
1 

upon which the va,leus 11 ; for a defaute number of ti were calcu.lated 

(Table 1). 

Table 1. Values of 11 calculated for :the relevant ti values on the bas:is 
i 

of the equation (4). 

ti o o.s 1 1.5 2 2.5 3 3.5 4 

lt 73.88 78.02 81.88 85.46 88.78 91.83 94.63 97.19 99.51 

The eS!timated values (ae) were taken thereupon as follows: 

ae = ar = 120 

and ln (1n a - ln lt_} values were separately calculated for each ae value. 
1 

The diistriibutiion of ln (ln a - ln lt) values in relation to time (ti) ris given 
i 

in Fiig. 1. 
It ris obvfous that iin this way ,the apprmcimate values of asymptote may 

be est>1mated wti:th satisfaotory exactness. In prac:tice, however, iit often 
happens that the diispeI's-ion of darta on length ris of large extent. In these 
cases it will be .diffiicuLt to conclude wh!i.ch of the estri.mated values of a0 

gives the best liinear fit . In such a cases rit is most convenient to calculate 
the linear correlation coeffioients for the pairs: 

Xi = •ti; Yi = ln(lnae-lnl1), 
i 
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Fig. 1. Distribution of values of ln (ln a, - ln l,) at 
differently estimated values of asymptote. 

for every estimated value of asymptote separately. In the given example the 
distnibution of correlatrion coeficients was as follows: 

110 
-0.996 

120 
-1.000 

140 
-0.998 

Accordingly, i,n es-timation of the ar value, going from the underestima­
ted to the overestimated values of ae, the correlatJion coeffiicients, inasmuch 
as the data on growth may be apprmcimated by Go m p e r t z functi.on, 
will first mcreaise and than decrease. The hdghes,t corre1a1lion coefiiicient 
will represent the value of a0 which :is equal or apprmdmate to the value 
of ar, ~- e. to the real value of asyrnptote. 

When the appro~mate value of asyrnptote (a) i,s e-stimated in descr~bed 
rnanner, the values of constants c and b are determrina,ted from equation (3) 
by the method of liinear regression where: 

n 
I (X;-X) Y;-Y) 

I= 1 
C = ---------

while 

lnb = Y-cX 

where, as shown earl:ier: 

(5), 

(6), 

X;= t;; Y; = ln (1na-ln 11 ); n = total number of observatJions. 

The parameters of G o mp e rt z function of the from (2) may be 
determined in the same manner, according to the following tranformation: 
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1 
= log (log -) - t loge 

b 

Fiirst example 
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(7). 

In the above mentiioned paper R ii f fen b u r g h demonstrates rthe way 
of determina tion of parameteI1S of G o m p e rt z funct,ion of the form (2) 
using the length-age data on yellowfiln tuna (Neothunnus macropterus) given 
by Moare (1951). 

Thiis example wli.11 be applied here, as well. Ages and modal Iengths of 
tuna are given in Table 2. 

Table 2. Modal lengths and estimated age of yellowfm tuna ( N eothunnus 
macropteurs) in the Hawai,ian waters 

t(months) l (cm) t(months) 1 (cm) 

1 47.2 27 138.7 
2 47.2 28 138.7 
9 69.7 29 140.3 

12 93.0 30 138.7 
13 93.0 31 146.3 
20 125.3 34 156.4 
21 120.2 35 152.1 
22 125.3 38 152.4 
23 130.1 39 158.2 
24 142.6 41 156.4 
25 134.5 43 162.5 
26 138.7 44 163.1 

53 167.6 

Accorchlng to the chlstribut1Jion of lengths (Fiig. 2) the value of asymptote 
(ar) wru; estimated to be somewhere between 160 and 190 cm. Therefore, for 
the series of values (a.) , the correlation coeffilcients were calculated by 
described method, as ~ven in Table 3. 

Table 3. Coefficients of correlation (X = ti; Y = ln (ln ae - ln lt) for the 
I 

est1Jimated values of asymptote (a8) in tuna from the Hawaiiian 
waters. 

a0 160 
r -0.9821 

168 
-0.9834 

170 
-0.9868 

173 
-0.9921 

175 
-0.9914 

180 
-0.9867 

190 
-0.9758 

Accordmg to the distributdon of oorrelation ooefffoients it is evident 
that: 
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Therefore, thiis value is used as the value of asymptote. Furthermore, 
the values of constants b and c were calculated by the descnibed method 
(equations S and 6). It was obta,ined that: 

-0,0711 t 

lt = 173 e-1 .41s2 e (8). 

The curve estimated by the use of equation (8) agrees better wiith the 
distribution of tuna lengths than the curve given by R i f fen b u r g h (Fig. 
2). After him, Go in per t z equation of tuna growth for the same data, 
but ,in form (2), li1s: 
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Fig. 2. The comparison of the curve of tuna growth 
calculated by R i f fen b u r g h's method 
with the curve calculated by semigraphic 
method. 

(9). 

To testiify which of these equatdons gives the betiter approximatdon of 
tuna growth, the correlat!i.on coeff.icients were calcul-ated fur the following 
pairs: 

Xi = e-0.0711 1i; Y; == ln lt , for equation (8) and 
i 

Xi= 0.9177<\ + 16>; Yi = 1nlt, for equation (9) and ~t was obtained -that: 
i 

r = -0.9937; P < 0.001 for equation (8) and that r = - 0.9888; P < 0.001 
for equation (9). 

Accord!i.ngly, the method described in this paper giives ·the better appro­
ximation of tuna growth curve than the R i f fen b u r g h's method. 
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Second example 

The pos>Harvae of anchovy, Engraulis encrasicolus (L.), were reared 
under expe11imental cond~,tions at constant temperature of 21.30°C up to 
the modal length (LS) of 13.01 mm (R e g ne r, manuscri.pt). The growth 
after the yolk sack resorption is g,iven ,in Table 4. 

Table 4. The growth of the anchovy postlarvae at 21.30°C. Modal lengths 
are gJven 

t(days) 2.5 4.5 6.67 8.60 10.66 12.63 14.72 
lt(mm) 3.55 4.61 6.59 7.80 10.31 11.33 13.01 

The growth of the anchavy posdar,vae was fiirsrt a,pproximated by the 
exponential growth funotiion: 

(10), 

where lt d·s the length li,n time t, c is the constant. It was obtained that : 

lt = 3.13 eo,1019631 (11) (R e g ne r, manuscript). 

To determine the Go mp e rt z function on the baso.s of distribution 
of modal lengths against the time scale (Frig. 3) the asymptote (a,) was 
estdmated to be somewhere between 17 and 57 mm. On the basis of this 
the correlaitiion coeffiicients were calculated accordiing to the equation (3), 
as given lin Table 5. 

t1 rmmJ 

25 

20 

15 

10 

10 15 20 15 30 35 

EQUA TION (12) 

EQUATION (li) 

Fig. 3. Growth curves of anchovy postlarvae appro­
ximated by the exponential and by Go m­
p e r t z function. 
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Table 5. Correlat-ion coeff,icients for the es,timated values of asymtote in the 
case of anchovy postlarvae 

17 
-0.99445 

27 
-0.99716 

37 
-0.9962 

57 
-0.99486 

Accordring to the distrbriution of correlation coefftioient•s d:t may be con­
cluded thait: 

The constanrts b and c were caloulated thereupon accordring to the 
cquatrions (5) and (6). It was obtained for the anchovy postlarvae that: 

-0.086t 
11 = 27 e-2.sJ2e (12), 

where 11. iis the length rin mil.imeters and t .i.s time m days. As shown in 
Fig. 3, the modal lengths of anchovy pos,tlarvae agree better w.ith the curve 
of Go mp e rt z growth function (12) than with that of exponential (11) . 

The values of equatiion were tested here as well as in the previous 
example, by calculat!ing correlat.ion coeffiicients for the paivs: 

X; = t;; Y; = 1n lt for equation (11) and 
1 

X; = e-c1;; Y; = ln 11 for equatd.on (12) and 1it was obta-
1 

ined that for equation (11): 

r = 0.978; P < 0.001, 

and for equation (12): 

r = -0.998; P < 0.001. 

As ,it may be seen, G o mp e rt z funotrion of form (1) filts the growth 
of anchovy postlarvae considerably bet,ter than the exponentiial funotiion 
(10). Kramer and Zweri.fel (1970) and Sakagawa and K ,imura 
(1976) came to the same conclusions studying the growth of northern 
anchovy positlarvae. In addirtrion, the es,timated value of asymptote of 27 mm 
well agrees with the results of Korn.ilova (1955) and Pavlovskaiia 
(1955). After them the metamorphosis of postlarvae rin the juven1i..Ie anchovy 
takes place when ,they reach 24-26 mm .i:n leng,th. 

CONCLUSION 

The approximate valrue of asymptote of Go mp e r ,t z function may be 
estimated, either graphically or calculating the correlation coeffiicients by 
the estimation of the value of asymptote on the bas,is of distriibut,ion of data 
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on fii:sh lenght agadnst the tdme. In doing this, Go mp e rt z functrion should 
be transformed into: 

1n (ln a - ln lt ) = 1n b - ct, 
t 

since the •va1ues 1n (1n a - ln lt ) plotted against the time, if es,tiimated 
t 

value of asymptote is close to real one, should liie on the straight liine. 
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KRATAK SADRžAJ 

U radu je p11ikazana metoda numevičkog određ!ivanja parametara Go m­
p e rt zove funkoije koja ne podliježe ni jednom od ogmI11ičenja karakteri­
stičnih za dosada opisane metode. Semigraf.ički nač!in određivanja je moguć 
stoga što se na osnovli raspodjele izmderenih podataka o dufanama Diba u 
odnosu na starost može procijenliti li.nterval unutar kojega bi se mogla 
nalazi:itii vrijednost as<imptote. Kako nakon ln ln transformacije obl-ika (1) 
ili log log transfo~maoije funkcije obl!i:ka (2), vr,ijednostii dužine riba oduzete 
od stvarne vrijednosti as,imptote moraju, ucrtane u odnosu na vrijeme, 
ležati na pravcu, moguće je na osnovi d<i,s,tdbucije podataka za razlii.čite 
procijenjene vnijednost<i asiimptote na6i onaj niz koj;i je grupiran tako da 
se najV'iše pDibliižava pravcu il,i pak pokazuje najveći pripadni koellioijent 
linearne korelaoije. V11ijednost na taj način procijenjene a-simptote u tome 
je slučaju jednaka d•l,i hlii.ska stvarnoj vnijednos,tri.. 

Opisan.i način određ!ivanja parametara Go mp e rt zove funkcije pri­
kazan je u radu na dva lmnkretna primjera. 


